We report first principle calculations of electron and hole inelastic lifetimes for alkali metals ͑Na and K͒ within the framework of the GW approximation of many-body theory. The results show that at low energies the lifetimes are slightly smaller than prediction of a free-electron model, and that there is no noticeable momentum-direction dependence. We also look at the inelastic mean-free path , and conclude that the observed drops at a few eV in for the alkali elements with a strong d-band character cannot be attributed to the effect of these d bands in the lifetime, but to a crossover behavior of the velocity of the photoelectron.
I. INTRODUCTION
One of the most important physical mechanisms for the decay of low-energy electronic excitations in metals is electron-electron interaction. Up to recent times, most of our knowledge on these matters relied on calculations of the electronic lifetimes in the free-electron gas ͑FEG͒ models, 1 in which the modification of the electron states due to the lattice potential is not taken into account. The advent of a number of spectroscopic techniques such as time-resolved two-photon photoemission 2 or the improved energy resolution of angle-resolved photoemission 3 and scanning tunneling microscopy 4 have renewed the interest in the particlehole dynamics of metals. On the theoretical side, the important development in computational possibilities, has allowed to carry out first principles calculations, mainly in the frame of the density-functional theory ͑DFT͒. 5 These ab initio calculations include the effect of the lattice potential, and therefore can be used as the starting point for a calculation of the lifetime within the framework of many-body perturbation theory. Here we have used the so-called GW approximation 6 to evaluate the lifetime of excited electrons in Na and K. These systems are believed to be the prototypical examples of homogeneous electron gases. By this it is usually understood that the effects of the lattice potential can be neglected when calculating one-electron properties, and the only relevant parameter characterizing the system is the density of conduction electrons n o , which is usually expressed in terms of the parameter r s ϭ(3/4n 0 ) 1/3 , in units of the Bohr radius. So far, calculations carried out in noble and simple metals 7 within the GW approximation and employing oneelectron orbitals obtained in the local-density approximation 8 ͑LDA͒ have displayed important deviations from the predictions of the homogeneous electron gas due to band-structure effects. Taking into account the effect of the lattice potential changes both the magnitude and direction dependence of the lifetime of excited electrons and holes. Even a representative free-electron-like element, such as Al, exhibited a larger than expected sensitivity to crystal effects. 7 In the present study,
we have found that in the case of Na and K these changes are not so dramatic as, e.g., those found in Be. 9 For Na and K, in the case of the lifetime, the anisotropy in the lifetime is approximately 25%. Therefore, our results illustrate the extent to which the homogeneous electron gas provides a good description of these systems, as it is usually believed.
To the best of our knowledge, there are no available experimental data on the lifetime of excited electrons in Na and K. Only measurements of the inelastic mean free path ͑IMFP͒ of excited electrons have been made in these systems. 10 Motivated by these experiments, we also evaluate the IMFP as a function of the electron energy. We then discuss how our results can be compared to the experiments and, in particular, the adequacy or inadequacy of the usual definition of the inelastic mean free path, namely, as the lifetime times the group velocity. In this respect, we have found that one can account for the experimental observations if one assumes that the latter definition of IMFP applies only in the lowest-energy range whereas at higher energies the square root of the kinetic energy seems to provide a more suitable definition, as it has been found in previous studies.
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This paper is organized in the following way. In the next section, we give a brief account of the theory and approximations used in our analysis. Details of how the calculations have been actually carried out are also provided in that section. In Sec. III the results are presented. This section is divided in two subsections devoted to the description of the results for the electronic lifetime ͑Sec. III A͒ and the inelastic mean free path ͑Sec. III B͒ in Na and K. The main conclusions of the present work have been summarized in Sec. IV. Finally we provide an appendix where we discuss how experiments extract the IMFP, and their inherent limits. Atomic units (បϭe 2 ϭm e ϭ1) are used in all mathematical expressions.
in the Kohn-Sham formalism. We used the nonlocal norm conserving Troulliers-Martin pseudopotential. 13 The selfconsistent Kohn-Sham equations have been calculated within a plane-wave formalism, in the LDA approach. 14 The obtained LDA energies (⑀ k,n LDA ) and orbitals ( nk ) are a good starting point to calculate the self-energy ⌺(k,), and hence, the quasiparticle energies ⑀ k,n QP . These are obtained from the self-consistent equation
where we define ⌬⌺ as ⌺ϪV xc LDA , i.e., the self-energy minus the LDA exchange-correlation potential.
It is usual to expand the self-energy around the LDA energies and write
where Z k,n ϭ͓1Ϫ␦⌺(k,)/␦ʈ ⑀ k,n LDA ͔ Ϫ1 is known as the renormalization constant. Taking the imaginary part in Eq. ͑2͒, we obtain the formula for the lifetime
To calculate the self-energy we have followed the GW approximation, 6,15 and we have worked on the energy-shell ͑i.e., Z k,n ϵ1). This approach has shown to provide a good description in other metallic systems 7 and relies on the weakenergy dependence of the self-energy. In this frame the above equation can be written as:
with ϭ⑀ nk LDA Ϫ⑀ mkϪq LDA . Thus, in this framework, the lifetime is written in terms of the imaginary part screened coulomb potential W ͑namely, proportional to Im⑀ Ϫ1 ) and the matrix elements
between the initial and final state. To account for the response of the system and compute the screened interaction, W, we have followed the so-called random-phase approximation ͑RPA͒.
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We refer the reader to Ref. 15 for details of the method and applications to simple and noble-metal electron/hole lifetimes.
III. RESULTS

A. Lifetime
In most experiments the lifetime are obtained resolved in energies and not in momentum. Therefore, in order to compare with experiments we need to perform an average. The simplest and most physical one is
where Ϫ1 (k,n) is the inverse lifetime of a Bloch state ͉kn͘, and E(k,n) its band energy. The averaged is performed over the Brioullin zone along a given crystallographic direction ␣. 18 We find only a small dependence on the calculated lifetimes for Na when different directions are studied. This behavior can be observed in Fig. 1͑a͒ where we plot the obtained results along two directions, ⌫N and ⌫H. In Fig. 1͑b͒ we show the same but for K, where there is not an important difference ͑less than 10%͒ up to 12 eV above the Fermi level. Only in a small energy range around 15 eV there is a noticeable directional dependence ͑always less than 30% related to d character of the bands͒. Thus, in this sense, alkali metals do not exhibit the important directional dependence found in elements such as Be, Cu, or Au. This behavior could be expected since these systems are well described by the nearly free-electron model.
In Fig. 2͑a͒ we show for Na the results of our calculations together with the FEG-RPA predictions. The dashed lines represent the FEG-RPA calculations, 1 and our full-band calculation is denoted by the solid line. On average, the fullband model and the FEG give very similar lifetimes. This results were expected as long as the Fermi surface of Na ͑and of K͒ is very much like a sphere. However, our results exhibit two clear regimes, similar to the ones observed in other simple metals as Aluminum 7 : A low-energy regime ͑up to 10 eV͒ where the FEG overestimate the realistic lifetimes and a high-energy range ͑above 10 eV͒, where the FEG seems to underestimate the lifetimes. This last fact can be observed with more detail in the inset, where we have represented the averaged lifetime in the low-energy range. For Al the deviation is about 35%, 7 whereas in Na the maxima deviation ͑below 1 eV͒ is about 20%.
In Fig. 2͑b͒ we show our results for the K case. Potassium is a bit different because of empty d-bands above the Fermi level. We have now two competing effects: ͑i͒ increasing of the density of states ͑available phase space for decaying͒ that would reduce the lifetime, and ͑ii͒ overlap between the d and sp-like band orbitals, that tend to increase the lifetime. 19 As in the case of sodium, the low-energy range presents the same pattern, i.e., a deviation from the FEG, with slightly smaller lifetimes than those predicted from FEG. The lowenergy regime has been explored in the inset, where we plot the average lifetime. In this case, the deviation with respect to the FEG behavior is smaller than in the Na case. Here the deviation is always lower than 15%.
To study the effect of the plasmon width on the lifetime we have also computed the lifetimes with the Mermin's response function. 20 In this procedure the dielectric function is
,
͑7͒
where ⑀ L is the Lindhard dielectric function 16 and ␥ a phenomenological damping ͑Fig. 3͒. The Mermin's response function is the simplest FEG response that incorporates a phenomenological damping to the Lindhard response function in a particle-conserving way, and allows to isolate easily the effect of the damping from other band structure effects. In Fig. 4 we show a comparison of FEG-RPA, FEG-Mermin and the ab initio lifetimes. We see that effectively the lifetime obtained with the Mermin's prescription gives a more qualitative agreement with the ab initio calculation. In fact, it is also capable of reproducing the mentioned two regimes. Thus, although this pattern was thought as a band-structure effect, we have identified its origin in the plasmon width, being the effect of band-structure concentrated mainly in giving rise to a physical damping.
To complete this section devoted to the lifetimes we have investigated what happen with holes. Holes, in the FEG model are known to live shorter than their electron counterparts. 15 Nevertheless, a recent first-principle calculation has shown that in noble metals d holes exhibit longer inelastic lifetimes. 7 Obviously noble metals are much more complex systems than alkalis, but the cited work illustrates the crucial importance of full-band calculations to describe correctly the hole dynamics. Na and K do not have occupied d bands, so a priori one would expect that band structure were just a small correction ͑as in the case of electrons for small energies͒. Although our results seem to confirm this supposition, we find some differences. In Fig. 5͑a͒ we have plotted our ab initio lifetimes for electrons and holes ͑solid points͒, together the FEG-model results ͑solid lines͒. We find that, as founded for electrons, our ab initio hole lifetimes are slightly shorter than those predicted within the FEG model. Another remarkable fact is that the deviation between full band and FEG lifetimes is now larger, showing that the crystal effects are even more important for holes than for electrons.
B. Inelastic mean free path
The inelastic mean free path is the average distance that an excited electron travels before inelasticaly decaying into another state. Namely, it is the product of the velocity of that give state per the lifetime (ϭv). Similarly to what was done for lifetimes, in order to make direct contact with experiment we have to perform an average. Thus, we have defined the IMFP as
where
But, what velocity v needs to be used here? A recent work 11 has remarked that the usual definition of the IMFP, namely, the lifetime times the group velocity fails when trying to compare with experiments, and employed as velocity the square root of the kinetic energy. In present work we have considered both possibilities, and we have seen that experiment seems to follow a crossover behavior, with a low-energy range where the usual group velocity seems to provide a good agreement with experiment, and a higherenergy range where it fails, and the free-electron velocities suits better. 23 Few eV above the Fermi level the IMFP of heavy alkalis exhibit a dramatic reduction ͑''drops''͒. In the experiments the drops were attributed to the presence of unoccupied d bands. However from our results we conclude that neither the IMFP calculated with the group velocity ͑dashed lines͒ nor calculated with the FEG velocity ͑dotted line͒ exhibit this behavior. We find that using the group velocity yield agood agreement at low energies (р10 eV), whereas at high energies (у20 eV) the IMFP seems to match the results obtained using the FEG velocity. Thus a possibility to reproduce the experimental IMFP would be to define a velocity depending on the energy ͑see Fig. 5͒ :
Thus, we consider the drop as a consecuence of a general mechanism: the crossover, i.e., the gradual change of the photoelectron velocity from the group velocity branch to the free-electron velocity. In this sense, heavy alkalies ͑K, Rb, Cs͒ are just a particular and relevant case. In those systems the d bands give group velocities that differ enormously from the free-electron-like velocities, bringing out more abrupt crossovers, and finally drops. Independently of whether or not the measured IMFP have a drop there is a general pattern that can be only described by resorting to the mentioned crossover.
We observe that this crossover behavior for IMFP is a general experimental result, not linked to any particular system, and that it is an inherent mechanism of the photoemission phenomena. For example, experiments in silicon 24 showed that at low energies the electronic inelastic mean free paths fall somewhat below the FEG behavior, showing the mentioned behavior. This fact is showed in Fig. 6 , where the points stand for the experimental data and the lines ͑solid and dashed͒ are theoretical calculations . Another interesting element that exhibits the same trend is Beryllium. Johanson and Sernelius 21 collected experimental data along two different crystallographic directions and performed a theoretical calculation within a FEG formalism. As in present work, they showed that experiment and theory agree fairly well at high energies, but the experiment values drop markedly below the FEG-RPA model for small energies.
22 This conclusion is corroborated in a ab initio calculation, 9 where again the two-regime pattern is found for the IMFP.
An intuitive explanation for this crossover behavior could rely on the time that the photoelectron is in the solid. At large energies the photoelectrons leave the solid before feeling the lattice, and basically they behave as plane waves. And the opposite: At low energies the photoelectrons are into the solid time enough for seeing the lattice and becoming a Bloch state. We have here a technical comment: At large energies, in order to calculate the effective lifetimes we have employed our full-band formalism, i.e., we have used as wave functions the Bloch states, whereas if the photoelectron behaves as a free electron we should have employed as final wave function plane waves. We have checked that at large energies if the coefficients ͉B i f (qϩG)͉ 2 are replaced by those obtained within a free-electron model, and we keep the full inclusion of the band structure in the evaluation of the response Im͓Ϫ⑀ G,G Ј Ϫ1 (q,)͔ , the resultant lifetime coincides with that obtained with Bloch states as final states. Nevertheless the above explanation would mean to recognize that the IMFP calculation is inherently a surface problem, apart from the fact that neglects the main theoretical problem: only for states very closed to the Fermi level the quasiparticles are strictly well defined ͑linewidths much smaller than the energies͒, fact that prevents us from a direct one-electron analogy. However, if we still follow with the one electron point of view and put altogether energies and linewidths in the energy-band structure, instead of having lines, we would obtain noodlelike structures. Thus, the band structure would be masked by the intrinsic lifetimes. 25 This effect has been alrady pointed by several authors 3, 26, 27 as a important mechanism that leads to a distorsion of the bands and that the they look much more like free-electron bands.
IV. CONCLUSIONS
We have calculated the lifetimes of Na and K, in a fullband GW scheme, showing that ͑i͒ there is not such important anisotropy when studying different crystallographic directions as in other systems ͑Cu, Be . . . ), ͑ii͒ at low energies we find, as in Ref. 7 a reduction for the lifetime compared to the FEG model, but with slight deviation ͑always lower than the 20%͒, attributing this feature to the finite width of the plasmon. ͑iii͒ The d bands of potassium make the lifetime bigger with respect to the FEG. ͑iv͒ With respect to the holes, we have seen that the inclusion of the full-band structure is even more important than in the case of electrons, showing a more noticeable reduction in the lifetime.
Furthermore we have provided a detailed study of the problems that one has to deal with when studying inelastic mean free paths. We have pointed out that not always experiment and theory have equal characteristic mean free paths, and when the characteristic mean free paths are of the order of the interatomic distance an special attention must be paid. Second, we have tried to explain the experimental data. When doing so, we have found a rich variety of problems, some of them already addressed in Ref. 11 . Nevertheless, one aim of this paper is to suggest that the photoemission experiments might present two different regimes. So within this theoretical frame only the two asymptotic limits are accessibles. In any case, it is enough for explaining the pronounced drop in the IMFP of the heavier alkali metals. In Ref. 10 , this behavior was attributed to electron-decay processes involving unoccupied d bands. We have seen that this is not the case and that although the d bands contribute to a little drop when the d channel disappears, it is not enough to explain the experimental data. The existence of two regimes seems to be crucial to explain such a behavior. Furthermore, other different systems such as Si or Be, seem to exhibit the same features. This prediction needs to be checked in more systems, including transition metals and others. 
